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r e s t a r t :

Figure out stages 1 and 2 of GaussRK2
Let's approximate X1 and X2 by integrating a linear fit through (t1,F1), (t2,F2):

f _ : = t - > a * t + b ;  #  L i n e a r  f i t

t 1 : =( 1 / 2 - s q r t ( 3 ) / 6 ) * d t ;  t 2 : =( 1 / 2 + s q r t ( 3 ) / 6 ) * d t ;  #  G a u s s  p o i n t s  
for  two-point  Gauss ru le

s o l : = s o l v e ( { f _ ( t 1 ) = F 1 ,  f _ ( t 2 ) = F 2 } , { a , b } ) ;  #  F i n d  l i n e a r  f i t  
t h r o u g h  ( t 1 , F 1 ) ,  ( t 2 ,  F 2 )

l i n e a r _ f i t : = s i m p l i f y ( e v a l ( f _ ( x ) , s o l ) ) ;

i n t 1 : = c o l l e c t ( s i m p l i f y ( i n t ( l i n e a r _ f i t ,  x = 0 . . t 1 ) ) ,  { F 1 , F 2 } ) ;

s i m p l i f y ( ( 1 / 4 - s q r t ( 3 ) / 6 ) - ( - 2 * s q r t ( 3 )  +  3 ) / 1 2 ) ;  #  C o n f i r m  t h i s  i s  
the same as the formula in the RK scheme

0
i n t 2 : = c o l l e c t ( s i m p l i f y ( i n t ( l i n e a r _ f i t ,  x = 0 . . t 2 ) ) ,  { F 1 , F 2 } ) ;

Write GaussRK2 scheme for a general f
So the GaussRK2 scheme is:

F 1 : = f ( X 1 , t 1 ) ;

F 2 : = f ( X 2 , t 2 ) ;

e q 1 : = X 1 = X 0 + i n t 1 ;  #  F i r s t  s t a g e  i s  f i r s t  e q u a t i o n
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eq2:=X2=X0+int2; # Second stage is second equation

system_eqs:={eq1, eq2}: # System of equations with unknowns X1 
and X2

Let's take a linear ODE
f : = x - > A * x :
system_eqs;

sol:=solve(system_eqs,{X1,X2});  #  Solve the system

a s s i g n ( s o l ) :
dX:=simpl i fy (dt /2* (F1+F2) ) ;  #  x^{n+1) -x^{n}  for  the  GaussRK2 
scheme 

GaussRK2:=12*x/(x^2-6*x+12); # GaussRK2 approximation of exp(x)

Confirm that this is a fourth order approximation of exp(x):
series(GaussRK2,x,6); # Series expansion for GaussRK2 scheme

s e r i e s ( e x p ( x ) , x , 6 ) ;


